ABSTRACT. For any ǫ > 0 we construct a hyperbolic knots K ⊂ S 3 for which 1 − ǫ < gr t (K ) < 1. This shows that the spectrum of the growth rate of the tunnel number is infinite.
INTRODUCTION
By manifold we mean a compact connected orientable 3-manifold (the terms and notation used in this paper are introduced in the next section). Let K be a knot in a closed manifold M. We denote the connected sum of n copies of K by nK . We use E (·) for knot or link exterior and g (·) for Heegaard genus. In [8] Kobayashi and Rieck defined the growth rate of the tunnel number of a knot K to be:
; note that every knot in the 3-sphere S 3 is admissible. In [8] it was shown that for an admissible knot K , gr t (K ) < 1, and gr t (K ) = 1 otherwise. The concept of growth rate proved to be useful in [10] and [9] where it was used to construct counterexamples to Morimoto's Conjecture [14] ; however, calculating the growth rate proved to be very elusive. The only numbers known to be in the spectrum of the growth rate are: 0: torus knots and 2-bridge knots have growth rate 0 [8] .
1: as mentioned above, inadmissible knots have growth rate 1 [8] .
K and b 1 (K ) be the torus bridge index of K ; for a detailed discussion see [11] . 1 It is easy to see that b 0 (K ) > b 1 (K ) when K is not the unknot. The main result of [11] is that if K is m-small (for the definitions of m-small see the next section) and g (E (K )) = 2 then
We prove Theorem 1.1 by constructing m-small knots and bounding their bridge indices below. For smallness (which implies m-smallness for knots in S 3 ) we use Baker [2] and for the lower bound on the bridge indices we apply Baker-Gordon-Luecke [5] . We prove the following: Theorem 1.3. For n = 1, 2, . . . , there exists a hyperbolic knot K n ⊂ S 3 so that the following three conditions hold:
(2) K n is small (and hence m-small).
We now show how Theorem 1.1 follows from Theorem 1.3. As K n are m-small we may apply [11] ;
On the other hand, since any knot in S 3 is admissible, by [8] gr t (K n ) < 1. This shows that Theorem 1.1 follows from Theorem 1.3. The remainder of this paper is devoted to the proof of Theorem 1.3.
The structure of this paper is as follows: §2 We describe some background material and the notation that we follow. §3 We construct the knots K n r,s . The construction depends on three parameters (r ,s, and n). Since we usually think of r and s as fixed we often suppress r and s from the notation and denote the knots by K n . In Lemma 3.6 we show that By an (unoriented) knot K in a 3-manifold M we mean a smooth embedding of the circle into M, considered up to isotopy and reversal of orientation of the circle. The 
THE KNOTS
The construction given in this section is based on Baker's [2] and we refer the reader to that paper for a detailed discussion. for some relatively prime integers m, n. The coefficients m and n are almost unique: the only other possibility is −m and −n (recall that we are considering unoriented knots).
We emphasize that we are considering the isotopy class of K in T ; it is distinctly possible for non isotopic curves on T to be isotopic in E (3 1 ). As is customary we identify the isotopy classes of K (as an unoriented curve) with m/n ∈ Q ∪ {1/0}. We will use continued fraction expansion of rational numbers with the following convention:
To simplify our discussion we will refer to a knot K that corresponds to m/n as "the knot
Fix integers r ≥ 3 and s ≥ 2. Then for each integer n, let K n = K n r,s be the knot [r, −s, n]. Most of the discussion in this paper holds for any such r, s, n, except in Section 4 where we need n ≥ 2 and n = r, r − 1 in order to prove that K n r,s is small and in Section 6 where we need to assume that r , s, and n are sufficiently large in order to prove that K n r,s is hyperbolic. 
. We use this Dehn twist relationship to give an alternative description of K n that will enable us to apply [5] to obtain a lower bound on the torus bridge indices of K n .
First let us recall the realization of Dehn twists along a curve in a surface by Dehn surgery; see Definition 1.1 of [5] . Given a curve c in an oriented surface F in a 3- This notation is chosen to be consistent with the notation used in [5] .
The annulus R and the slopes it defines on K tw − , K tw + play a key role in [5] and we will need three facts about them:
Proof. This lemma is a special case of the theorem that was proved in Appendix B of [3] and appeared more recently in [1] ; we sketch the proof here and we refer the reader to these texts for a detailed discussion. We view the left image of Figure On the other hand, as a framed knot in the fiber of the trefoil, K tw − is a doubly primitive knot (this was first proved by Berge in an unpublished manuscript [6] ; see, for example, the Appendix of [17] ). Thus surgery on K tw − with that slope produces a lens space. This contradicts uniqueness of prime decomposition of 3-manifolds [13] .
It is well known that every knot on 3 1 admits a genus 2 Heegaard surface; for completeness we prove this here: (1) 1 ∈ I ∩ J .
(2) Neither I nor J admits consecutive indices.
We will show that K n r,s is small by showing that there are no such sets I , J . The entry is the sum of the entry in the second row and that in the second column. Note that these entries are exactly the sum given in Conditions (3) and (4) above, and must therefore be zero if a closed essential surface is to exist. The exception are the four entries that correspond to I , J both being {1} or {1, 3}, which are ruled out by Condition (1); we entered X there.
Since r ≥ 3, s ≥ 2, and n ≥ 2, the only entries that could be zero are r −n −1 and n −r .
Our assumption shows that these are not zero as well.
This completes the proof of Proposition 4.1. Figure 3 . We first prove that E (K n r,s ) may be obtained by Dehn filling E (C 7 ). The generalization of this for knots in T is the focus of [4] . We overview it here in our specific case. 
BRIDGE INDEX
as depicted on the left side of Figure 3 is hyperbolic (C 7 is denoted C (7, −4) in [16] ). Therefore, using Proposition 6.1, for r , s, and n sufficiently large, E (K n r,s ) is hyperbolic.
